A general framework to calculate the Zener current in an indirect semiconductor with an externally applied potential is provided. Assuming a parabolic valence and conduction band dispersion, the semiconductor is in equilibrium in the presence of the external field as long as the electronphonon interaction is absent. The linear response to the electron-phonon interaction results in a non-equilibrium system. The Zener tunneling current is calculated from the number of electrons making the transition from valence to conduction band per unit time. A convenient expression based on the single particle spectral functions is provided, enabling the evaluation of the Zener tunneling current under any three-dimensional potential profile. For a one dimensional potential profile an analytical expression is obtained for the current in a bulk semiconductor, a semiconductor under uniform field and a semiconductor under a non-uniform field using the WKB (WentzelKramersBrillouin) approximation. The obtained results agree with the Kane result in the low field limit.
semiconductor based on a two band model. In the presence of a non-uniform field however, the WKB approximation can be used provided the applied bias voltage is generating slowly varying potential profiles inside the active device area [5] . The problem of Zener tunneling in an indirect semiconductor was treated earlier by Keldysh [6] and Kane [7] , whereas Schenk [8] formulated a model for the tunneling probability in a uniform field using the Kubo formalism [9, 10] . Another noteworthy approach is the calculation by Rivas [11] based on a Green's function formulation of Fermi's golden rule to calculate the current through a silicon tunnel diode.
Since most of the available models are one-dimensional, the currently most popular approach to calculate Zener current in a device is to choose a set of one-dimensional tunnel paths and to determine the tunneling probability along these paths within the WKB approximation [12, 13] . However, as all one-dimensional models ignore the pronounced twodimensional shape of a realistic potential profile, the development of a more comprehensive calculation of Zener tunneling in semiconductors is in order. Furthermore, Zener tunneling should not only be modeled accurately for two-dimensional potential profiles but should as well incorporate phonon-assisted tunneling phenomena.
Various general methods for dealing with electronic transport in semiconductors taking quantum effects into account have been developed such as the Wigner transport equation [14] [15] [16] , the non-equilibrium Green's function formalism [17] , the Pauli master equation [18] and the quantum balance equations [19] . But all methods come with their own limitations and no comprehensive generally applicable scheme for electronic transport is available due to the absence of a general non-equilibrium thermodynamic framework. Furthermore all methods can become computationally very expensive when multiple bands have to be included as required by Zener tunneling.
Being mediated by phonon scattering, the process of Zener tunneling in an indirect semiconductor strongly contrasts with conventional single-band transport where phonon scattering acts as a mere dissipative mechanism limiting the drive current. This conceptual difference in the role of phonon scattering jeopardizes the useability of the above mentioned methods to model Zener tunneling [12] even further.
In this paper we provide a framework to calculate the current due to phonon-assisted tunneling in indirect semiconductors. In section II, we discuss the valence and conduction band electrons in the indirect semiconductor under the application of an external potential.
In section III, we establish the Hamiltonian of the phonons and the electron-phonon interaction. In section , IV we construct a non-equilibrium system starting from an equilibrium system consisting of three non-interacting ensembles: valence band electrons, conduction band electrons and free phonons, all being characterized by a grand canonical ensemble density matrix of the Gibbs form. We use perturbation theory to calculate the non-equilibrium density matrix up to first order in the electron -phonon interaction, the latter mediating the band-to-band tunneling events. Then, we extract an expression for the steady state phonon-assisted tunneling current from the non-equilibrium density matrix as well as the net rate of electrons making the transition from valence to conduction band. In particular, for the sake of computational efficiency, we rewrite the tunneling current in terms of properly chosen spectral density functions. Using the proposed method, an analytical expression is derived for tunneling in the presence of a one-dimensional potential profile in three cases: 1) no external electric field, 2) a uniform electric field and 3) a non-uniform 1D field within the WKB approximation. Finally, we discuss both the analytical results and the numerical calculations.
In a recent paper [20] we apply the presented formalism to the case of a tunnel field-effect transistor and show that the use of semi-classical model introduces very large errors due to quantum confinement near the interface.
II. ENVELOPE FUNCTION APPROXIMATION FOR AN INDIRECT SEMI-

CONDUCTOR
In this section we consider the valence and conduction band electrons in an indirect semiconductor subjected to an external bias voltage. We introduce the single-electron energies and eigenfunctions required to construct the non-interacting electron Hamiltonian and some related second-quantized operators. In section IV, the obtained operators are used to construct the non-equilibrium density matrix by introducing the interaction with the phonons.
In a semiconductor an electron is subjected to a periodic potential energy U lat (r) caused by the ions and electrons in the lattice. In a semiconductor device, doping and bias voltages externally applied at the contacts induce an additional non-periodic potential energy U ext (r).
The single-electron Schrödinger equation reads
In the absence of the non-periodic potential, the periodicity of the potential results in Bloch wavefunctions
where n is a band index, k is a wavevector and E nk describes the energy dispersion relation.
For semiconductor device applications, n is essentially running over c and v, respectively denoting the conduction and valence band separated by the bandgap, while the states that participate in the conduction process are located near the Fermi level. In a degenerate semiconductor, as often employed when studying Zener tunneling, the Fermi level will be located inside the conduction or valence band.
In the indirect semiconductor under consideration, we assume a single valence band maximum occurring at k = 0 and one of the conduction band minima being located at k = k 0 , as shown in Fig. 1 . The energy dispersion can be approximated around the conduction band minimum and the valence band maximum using the effective mass approximation:
When an external potential is added, the wavefunctions are no longer Bloch functions and no energy dispersion can be defined. However, the Bloch states solving Eq. (2) still provide a complete orthogonal set of basis states in which each one-electron eigenstate ψ(r)
can be expanded as
On the other hand, we may as well expand ψ(r) around a high-symmetry point within the first Brillouin zone, such as the Γ-point (k = 0), writing
where Eq. (6) defines the envelope functions χ n0 (r). For the conduction band electrons, the envelope functions defined in Eq. (6) are rapidly oscillating since the conduction band minimum has a large wavevector. In order to end up with smoothly varying envelope functions, we may alternatively define the set χ nk 0 by
For a given eigen energy E, the dominant contribution in Eq. (7) comes from the component with its eigen energy E nk 0 closest to E. By restricting the summation of the index to the conduction band, the wavefunction of a conduction band electron can be written as
with a slowly varying envelope function, i.e. the fourier components a nk are only significant for k ≈ k 0 . Since we consider the conduction band to be a non-degenerate valley at k 0 , we
Moreover, adopting the effective mass approximation, we may approximate the kinetic plus the periodic term of Eq. (1) using Eq. (2) to get: (10) results in the effective Schrödinger equation
For valence band states the interaction between the different degenerate valence bands must be taken into account. Nevertheless, we will restrict ourselves to the effective mass approximation also for the valence band which is a common approach [8] . To go to a more realistic valence band structure, 6-band k·p theory could be employed without compromising the following approach to calculate the current.
A major improvement of going beyond the effective mass approximation will be a more accurate description of the complex band structure in the bandgap which affects the decay of the wavefunctions penetrating the bandgap. Inspection of the complex band structure for the case of silicon reveals that the effective mass approximation overestimates the decay. Hence, the real tunneling probabilities will be higher than those predicted by the effective mass approximation. A second consequence of taking non-parabolicity into account is a different density of states, which will greatly influence the valence band because of its anisotropy and the presence of the split-off band.
In the effective mass approximation the wave functions for valence band electrons are
where the envelope functions are determined from
We can now construct the electron basis set consisting of the valence and conduction band eigenstates
where χ vℓ (r) and χ cℓ (r) are the envelope eigenfunctions of Eq. (11) and Eq. (13) with eigenvalues E vℓ and E cℓ respectively. ℓ is a subband index running through the set of relevant quantum numbers.
The one-electron states allow us to write the electron Hamiltonian in second quantization
whereb ℓ andĉ ℓ annihilate an electron in the states φ vℓ (r) and φ cℓ (r) respectively. Furthermore, it proves convenient to define electron field operatorŝ
to represent the electron density and other position dependent quantities. As explained in the next section, the tunneling current is related to the expectation value of the valence and conduction band electron number operatorŝ
III. PHONONS
In general, one may want to consider various agents other than phonons that are proven to assist Zener tunneling, such as traps and defects, but in this work we have investigated the role of phonons only.
The free phonons are described by the Hamiltonian
where a q annihilates a phonon of mode q with energy ω q .
As this work focuses on indirect semiconductors, we specifically consider the interaction between electrons and short-wavelength phonons bridging the gap between the top of the valence band and the bottom of the conduction band located at k 0 . The corresponding interaction hamiltonian reads [22] 
The coupling strengths g vℓcℓ ′ q incorporate all possible interband transitions and typically reflect the features of the envelope wave functions. Alternative interaction mechanisms capable of assisting interband transitions such as localized trapped electrons are not considered in this work.
IV. NON-EQUILIBRIUM DENSITY MATRIX
In this section we construct the non-equilibrium density matrix by tracing the time evolution of the density matrix up to the lowest order in the electron-phonon interaction. Mediating electron transitions between the valence and conduction band, the non-equilibrium density matrix carries a non-zero tunneling current.
A. Equilibrium
In the absence of interactions we may consider the valence band and conduction band electrons as well as the phonons three separate entities that are individually characterized by their equilibrium density matrices. The density matrix governing the entire, uncoupled system therefore reduces to the direct product of the three density matrices, which can be written in its grand-canonical form
where β = 1/(kT ) and Z denotes the partition function to ensure that Tr(̺ 0 ) = 1. The chemical potentials of the conduction and valence band electrons µ v , µ c will be determined by imposing charge neutrality in the device contacts whereas the phonon system has zero chemical potential.
Accounting for spin the net charge density of the equilibrium system can be calculated
In order to facilitate both numerical or analytical evaluations, we define the valence and conduction band spectral functions based on the envelope functions:
The net charge density averaged over a unit cell can now be evaluated as
where the valence and the conduction band distribution function is a Fermi-Dirac distribu-
B. The quantum Liouville equation
TakingĤ 0 to be the Hamiltonian of the non-interacting electrons and phonons, i.e.
we express the time dependent density matrix in the interaction picture as
to calculate its time evolution from
whereH ′ (t) denotes the electron -phonon interaction, expressed in the interaction picture,
Integrating Eq. (32) and keeping only terms of first order inH ′ (t), we obtaiñ
since̺ 0 commutes withĤ 0 and is unchanged in the interaction picture.
SinceĤ ′ represents a phonon creation or annihilation event and̺ 0 is diagonal in the phonon states, the diagonal elements of the density matrix are not affected to first order.
Hence, the electron density remains unaltered and can still be calculated from Eq. (28).
V. THE STEADY STATE CURRENT
The quantity we want to calculate is the current I carried by the interacting electronphonon system at steady state, i.e. when t → ∞. As a definition, the tunneling current basically represents the rate of change in the number of electrons in the conduction band per unit time:
where I v + I c = 0 holds due to particle conservation and the factor of 2 is due to spin. we obtain
Exploiting the identity
which follows from the invariance under cyclic permutations, we rewrite Eq. (37),
A. The phonon-assisted tunneling current
For the phonons, the interaction Hamiltonian in the interaction picture is given bỹ
under the assumption ω −q = ω q .
The commutator [N v ,H ′ (t)] can be evaluated straightforwardly to yield 
Bearing in mind that the initial equilibrium state describes uncoupled electrons and phonons, we may employ Eq. (23) to simplify the evaluation of the traces. For example,
where ν(E) denotes the Bose-Einstein distribution
Taking the limit t → ∞ and using the identity
we derive the steady-state current
The four terms contributing to the current in Eq. (46) can be interpreted in a similar way as in Ref. [11] . For instance, the first term refers to an electron being excited from the valence to the conduction band while emitting a phonon, etc.
B. Evaluation of the current using spectral functions
Alternatively, the tunneling current may be written as an energy integral
where the property of the delta function
has been used and the probability of exciting an electron from the valence band to the conduction band with emission or absorption of a phonon has been introduced:
Equally, it would be possible to write Eq. (47) in terms of the reverse transition by using
Further numerical processing of the current formula requires an explicit representation of the scattering matrix elements. The latter are related to the bulk coupling strength M q through
In this work, we have borrowed M q from the deformation potential interaction [22] 
where ρ s , D and Ω respectively represent the the semiconductor mass density, the deformation potential and the total volume. In order to express the matrix elements in terms of the envelope functions, we assume that the basis functions are normalized on the lattice unit
cell Ω c and define
Since the envelope functions are slowly varying in space, they can be taken constant along each unit cell and the matrix element from Eq. (51) can be approximated as
Again, within the perspective of numerical evaluation, we may use the single-particle spectral functions A(r, r ′ ; E) defined in Eq. (27) to rewrite the tunneling probability
As the matrix elements g vℓcℓ ′ q turn out to be strongly peaked for q = −k 0 , we can assume negligible dispersion for the phonons assisting the tunneling processes, i.e.
Hence, the occupation probabilities in Eq. (47) become independent of q and we can define effective transition probabilities by
to write the tunneling current as follows:
Furthermore, neglecting the dispersion of M ′ q in Eq. (55) for analogous reasons, we may carry out the sum over the wave vectors, yielding
In turn, the tunneling probability of Eq. (56) simplifies to
involving only the diagonal terms of the spectral density.
VI. A ONE-DIMENSIONAL POTENTIAL PROFILE
To demonstrate the outlined method, we consider the case where the external voltage gives rise to a one-dimensional potential profile, say in the x-direction, while translational invariance exists in the y-and z-directions.
The valence and conduction band envelope Schrödinger equations read
Here, the valence band maximum and the conduction band minimum respectively correspond to the energy values E = 0 and E = E g , whereas K denotes the two-dimensional wave vector reciprocal to R = (y, z). Representing the kinetic energies in the transverse directions, E ⊥ v,c (K) can be expressed in the effective mass approximation as
Based on the solutions of the Schrödinger equation, the diagonal part of the spectral densities read
provided that the wavefunctions are delta normalized
Changing integration variables in Eq. (63) from K to E 
A. Bulk
As a first example, consider a bulk semiconductor where no external field is applied,
Clearly, no Zener tunneling is expected in the absence of an electric field but the treatment of an unbiased bulk semiconductor illustrates the consistency of the formalism.
The normalized solutions to the envelope Schrödinger equation for
where the superscript ± denoting right and left running waves had to be added to complete the basis. The valence band spectral function for E < 0 is
The conduction band spectral function for E > E g is obtained by substituting v with c and E with (E g − E) in the envelope functions
The transition probability for E g − ω < E < 0 is
Eq. (71) reflects that no transitions from valence band to the conduction band by phonon emission are possible in bulk semiconductors (E g > 0).
In Eq. (72) the condition for transitions to occur is that the phonon energy exceeds the bandgap which is generally not the case in semiconductors. As expected, no phonon-assisted tunneling is present in the absence of an external potential.
B. The 1D Uniform field
A situation more relevant to the problem of Zener tunneling is the application of a uniform electric field or a uniform force F to an indirect semiconductor
The solutions to the effective mass Schrödinger equations are written in terms of the Airy function defined as the bounded solution of the differential equation [23] 
and Ai(0) = 3 −2/3 /Γ(2/3).
The delta normalized solutions to the valence band Schrödinger equation are 
The spectral functions are
Since the field is uniform, the transition probability is independent of the energy (0). The integration of the spectral functions yielding the transition probability is straightforward using Eq. (B34b) from Aspnes [24] and given in the appendix, the result is
Ai 3 2m
with A the device area in y and z direction, 1/m = 1/m v + 1/m c and Ai 3 (x) is defined as
with
The transition probability can be approximated for large fields using Eq. (9) from Heigl et al. [25] Ai
(84) resulting in the Kane expression:
C. 1D Non-uniform fields: the WKB approximation
Next, we calculate the phonon-assisted tunneling current in a one-dimensional device structure with external potential
using the WKB approximation [26] . The envelope functions within the WKB approximation are
where x tv,c indicate the location of the turning points as illustrated in Fig. 2 . In the spirit of the WKB approximation, the normalization can be verified by comparing to the uniform field case. The turning points are determined by the equations
Illustration of the turning points x tv and x tc for E = 0 appearing as the solutions to
In appendix B, an approximate expression for the spectral functions and the tunneling probability is obtained. The results are
and
where x tv,c0 are the turning points x tv,c for E
max denotes the point where the imaginary wave vector of the valence and conduction band equal each other: 
Taking the limit of the tunneling probability for small uniform fields U ext (x) = −F x, the WKB expression approaches the uniform field expression obtained in the previous section.
D. Non-uniform fields: numerical evaluation
In a real semiconductor under a one dimensional external potential, the external potential can be taken uniform in two contact regions on the right and left hand side. The discretized wavefunction can be determined by discretizing the Schrödinger equation and applying socalled transmitting boundary conditions [27] . In a Zener tunnel junction, the wave will not be transmitted but completely reflected by the potential barrier. The wavefunction will only have a decaying component in the contact opposite to the side where the wave is injected.
The incoming component of the wavefunction is given by the bulk wavefunction from 
G abs,em (r) denotes the generation rate for an electron with a tunnel path starting at r and ending at r + l abs,em (r) such that U ext (r) = E g ∓ ω k 0 + U ext (r + l abs,em (r)).
Comparing the semi-classical equation with the expression for the current, the relation between the transition probability and the generation rate is given by
In the low field limit (Kane/Keldysh result) and assuming an anisotropic effective mass, 
where g 0 is a degeneracy factor. The factor of 2 for spin degeneracy has to be accounted for in g 0 together with the appropriate valley degeneracy and the phonon degeneracy. The generation rate in the uniform field case is
In Fig. 3 , the generation rate is plotted as a function of the electric field for Si using the uniform field model and the low field limit. The degeneracy factor is 2 due to spin, 4 due to the four X valleys with their transversal mass in the [100] direction and 2 due to TO phonon degeneracy. Since the tunneling probability is strongly dependent on the effective mass the tunneling to the two X valleys with their longitudinal mass in the [100] direction can be neglected. Similarly the tunneling from the heavy hole band can be neglected. At high fields, the error of the Kane model due to the use of the asymptotic expression for Ai 3 (x) can be observed. For the maximum field used in the plot (10MV/cm), the difference between both models is a factor of 1.86.
B. Comparing the different models for a p − n diode
In an abrupt p − n diode, the Shockley approximation can be used to determine the potential profile consisting of two parabolic sections as shown in Fig. 4 . The fermi levels are determined by imposing charge neutrality in the contacts where the carrier concentration can be calculated from the bulk spectral functions given in Eq. (79) and Eq. (80).
A comparison between the numerical results and the uniform field model, the limit of the uniform field model and the non-uniform model using the WKB approximation is given in Fig. 5 . For the uniform field model in the presence of a non-uniform field, the usual approximation
with U ext (x) = U ext (x + l tun (x)) + E g was used.
The non-uniform model from this paper is
The Schenk model [8, 25] has a different dependence on the field strength (F 9/2 ) compared to the Kane/Keldysh/WKB result and for this reason we will not compare with the Schenk model.
In Fig. 5 it can be seen that of the three semi-classical models the uniform field model (G v,U ) is the best. Despite disregarding the non-uniformities, the uniform field model is a better approximation than the WKB model and this can be explained as follows. At low bias (V pn ≈ 0), taking the integration limit |K| → ∞ is too optimistic resulting in an overestimation of the current in all semi-classical models. But on the other hand the uniform field model is pessimistic about the tunnel probability compared to the WKB approximation and this partly compensates for the overestimation of the integration limits. In the high bias regime (V pn ≫ 0), the approximation of the potential relevant for tunneling by a uniform field is reasonable since the field does not change much in the region where the field is the highest. This can be verified by the similarity of the Kane model and the WKB models.
The difference between the uniform field model and the Kane model is that the integrals over x and K are treated exactly in the uniform field case based on the properties of the Airy functions.
Nevertheless, for the degenerately doped semiconductors, none of the semiclassical models are a good approximation in the forward bias regime. When an accurate estimation of the current magnitude or shape for the forward bias or the low bias regime is required, a direct numerical procedure is required.
VIII. CONCLUSION
A general formalism to calculate the phonon-assisted Zener tunneling current in nonuniform fields using spectral functions was presented. The expression using the spectral function enables the calculation of the tunneling probability to two-or three-dimensional potential profiles. The evaluation of the current can be done using the expression for the current (Eq. (57)) and the expression for the transition probability (Eq. (59)).
In the presence of a one-dimensional external potential, an analytical expression for the tunneling can be obtained for uniform fields using Airy functions and non-uniform fields using the WKB approximation. It is shown that in the weak and uniform field limit, the formalism from this paper reduces to the indirect Kane result. Furthermore, an improved uniform field model is derived and an expression using the WKB approximation are obtained.
Comparing the different approximations in the case of a p − n junction, the improved uniform field model is shown to be a better approximation than the model using the WKB approximation. But for low bias conditions, no approximate model accurately describes the tunneling current and a direct numerical treatment is essential even in the one-dimensional case. where the last equality comes from Schenk [8] , the transition probability can be written as A v (r, r; 0)A c (r, r; ± ω) = f (x)e g(x) .
(.115)
Observing the exponential terms in Eq. (.111) and Eq. (.112),
The exponential will decay rapidly from its maximum which is found at x = x max , which is determined by the condition dg(x) dx = 0:
The argument of the exponential can be expanded to second order at x max g(x) ≈ 2
